This paper presents a method for terrain generalization using Laplacian pyramids. The method pre-processes digital terrain for generating cartographically generalized 3D maps. Map authors can attenuated or amplify selected frequency bands of the terrain with a graphical interface imitating an audio equalizer. Ridge lines and valley lines are localized by curvature indices, and their characteristic shapes are preserved or emphasized using additional sets of equalizer controls. Frequency bands are adjusted separately for the foreground and the background to remove visually disturbing terrain detail in the background. This is relevant for 3D maps in central perspective projection considerably compressing distant terrain features. The proposed generalization method was implemented in Terrain Equalizer, a free and open-source application providing a graphical interface with interactive 3D previews (available at http://www.terraincartography.com/). Using this application, disturbing high frequency details can be easily removed and major mountain forms can be accentuated. The level of generalization can be adjusted seamlessly from the foreground to the background of the 3D map. Topographic break lines, such as ridge or valley lines, are successfully preserved, which is important for conveying the characteristic shape of a generalized terrain.
INTRODUCTION
Expert cartographers know how to adequately generalize terrain for 3D maps. Unnecessary and visually distracting details are removed, important landforms are accentuated, and characteristic terrain features and typical shapes are preserved. However, generalization methods for 3D maps are most often technology driven, i.e. they are often not targeted at cartographic generalization, but intend to reduce the amount of terrain details in order to achieve responsive frame rates when rendering terrain in video games and other interactive environments. Such methods may introduce artefacts, such as artificial edges and flat triangle structures, or overly smoothed mountain ridges and valleys.
3D maps most often depict terrain in a central perspective projection, compressing terrain features in the background. The terrain compression increases with the distance to the viewer: the foreground is depicted at a large scale, while the background is rendered at a very small scale. This results in an excessively detailed background, especially when using high-resolution terrains. Such highly detailed representations are often visually inefficient because the main landforms are not clearly discernable due to the many distracting details. The dense details obscure macro topography-it is impossible to see the forest for the trees. Hence, the level of terrain generalization must seamlessly increase with the distance to the viewer.
Cartographic generalization is an inherently visual task. A graphical environment is required for adjusting the generalization parameters in a trial-and-error approach to the spatial resolution of the terrain, the landscape features and the purpose of the map. A problem plaguing authors of 3D maps, however, is the currently available software for generalizing terrain, which sometimes is difficult to comprehend and control, or does not offer a WYSIWYG preview mode for interactive manipulation in real-time.
The research presented in this article aims at making a contribution to the solution of these problems. Visually disturbing small details are to be removed from digital terrain, while sharp edges and mountain ridges are to be retained. The goal is to preserve the characteristic appearance of a terrain, and to seamlessly adjust the amount of generalization from foreground to background. We are aiming at a generalization method that is easy to comprehend and control by authors of 3D maps, and provides feedback in real time.
For our prototype, an equalizer metaphor was chosen as basis for the user interface. In audio engineering, the equalizer filter is used to alter the frequency response of an audio source. Most users should be familiar with equalizers from audio playback software and physical audio equipment. The generalization method and its related user interface were implemented in Terrain Equalizer, a free and open-source software application.
RELATED WORK
In this overview of related research, we focus on the generalization of terrain models using related frequency-based methods. We neglect the generalization of representations (such as contour lines) derived from terrain models. Also, we concentrate on cartographic generalization aiming at visual effectiveness to generate clear and legible maps, and do not treat generalization to improve data storage or to accelerate rendering, analysis or transmission of terrain data. 
Filtering
The term filtering is understood in the context of signal processing, i.e. the application of an operator (the filter) that removes frequency components from the signal (the terrain). Such filters are known from image processing, and are easily applied to gridded terrain models. Low-pass filters remove high-frequency details, whereas high-pass filters emphasise discontinuities. While high-pass filters are rarely applied to digital terrain (Weibel and Heller, 1991) , low-pass filters are the simplest and thus most commonly used filters (Li, 2008) . However, if prominent topographic breaks are involved, cartographic practice tells us to preserve their character and not simply smooth them. The applicability of global smoothing or low-pass filtering, therefore, is limited to smooth rolling terrain and minor scale reductions (Weibel, 1992) .
Wavelet transforms
Relatively few attempts have so far applied the wavelet transform on digital terrain (Gallant and Hutchinson, 1996) . Wavelet applications on DEMs are mainly used for feature extraction (Amgaa, 2003; Kalbermatten, 2010) and terrain simplification by filtering the wavelet coefficients (Mahler, 2001; Bjorke and Nilsen, 2003) . The related Fourier transform has been found to be less adequate for terrain data (for a review see Kalbermatten, 2010, p. 47 ).
Skeleton and contour lines
Weibel (1992) proposed the generalization of terrain based on structure lines that are extracted from the terrain model to be generalized in the process, in some cases using techniques developed for line generalisation. Weibel (1992) proposes to use the drainage network and the ridge network, both extracted from the terrain model, depending on the characteristics of the terrain. Automatic tools exist to characterize terrain patches and steer this process. Such methods can also be applied to morphometric analysis, for example, to selectively remove valleys (Jordan, 2007) .
Multi-resolution terrain
Research in computer graphics has resulted in a variety of methods for reducing the level of detail (LOD) of terrain models. Many of those methods remove terrain details from the background of the scene, aiming at achieving interactive frame rates in games and other applications with interactive terrain visualization. In such applications the main goal is the minimization of data storage, which leads to the application of TIN structures or nested regular grids at varying resolution (for an overview see Pajarola and Gobbetti, 2007) . The goal, however, is a purely technical one: The amount of triangles rendered by the computer graphics hardware is reduced, such that visual artefacts are minimized and an interactive frame rate is achieved. This goal is fundamentally different from cartographic generalization for 3D maps, where irrelevant and disturbing micro topography has to be removed, and characteristic terrain structures need to be accentuated.
Multi-resolution TINs can be constructed using various methods, for example, the line simplification method by Douglas and Peucker applied to terrain (Fei and He, 2009 ), or techniques inspired by Morse functions (Danovaro et al., 2006) . Besides terrain visualization, multi-resolution terrain is also applied to filtering LIDAR data (Silván-Cárdenas and Wang, 2006).
FREQUENCY MANIPULATION WITH LAPLACIAN PYRAMIDS
The main idea of our method presented in this paper is to consider a terrain model as a two-dimensional input signal, where selected frequencies are enhanced or attenuated. A Laplacian pyramid is used to separate consecutive frequency bands. Individual frequency bands are amplified or attenuated to be combined into a new terrain synthesized from the weighted frequency bands. Laplacian pyramids are commonly used in computer graphics for image blurring, image mosaicing, 3D texturing or for applications in computer vision. The construction and application of Laplacian pyramids for imaging was pioneered by Burt (1981) and his colleagues Burt and Edward, 1983) . The construction of Laplacian pyramids is identical for both raster images and raster terrain models. Only the data type used by the algorithm varies, i.e. 8 bit or 16 bit integer numbers for each image channel vs. floating point values for gridded terrain models.
A Laplacian pyramid is derived from a Gaussian pyramid. A Gaussian pyramid consists of a series of raster grids, which are blurred using a Gaussian filter and scaled down (left column in Figure 1 ). Blurring and scaling are applied multiple times, creating a stack of successively smaller grids, with each pixel containing a local average that corresponds to a neighbourhood on a more detailed level of the pyramid. Hence, a series of Gaussian low-pass filters are applied, successively removing high-frequency details (a to f in Figure 1 ).
The Gaussian pyramid is then used to derive the Laplacian pyramid. Each level of this new Laplacian pyramid consists of the difference between two consecutive levels in the previous Gaussian pyramid (right column in Figure 1) . To compute one level of the Laplacian pyramid, two levels of the previous Gaussian pyramid are first brought to the same grid size and then corresponding values of the two grids are subtracted. The resulting levels of the Laplacian pyramid encode successive frequency bands. For example, the level labelled a-b in Figure 1 contains the terrain's highest frequency range. The original terrain model can be reconstructed from the Laplacian pyramid by summing all its levels, and adding the base level of the Gaussian pyramid. Using the labels of Figure 1 , this can be expressed by:
where a = reconstructed grid L i = a … f = levels of the Gaussian pyramid
The reconstructed grid a is identical to the original unfiltered grid. Equation 1 implicitly assigns a unary weight to each level of the Laplacian pyramid. To selectively amplify or attenuate frequency bands, a weighted reconstruction is needed:
where a' = reconstructed grid f = smallest level of the Gaussian pyramid w f = weight coefficient for f L i = levels of the Gaussian pyramid
The user interactively adjusts the weight coefficients w ij . Figure 2 shows the visual effect when attenuating high frequency bands and exaggerating a mid-frequency band. The weight coefficients in this particular example are: w ab = 0%, w bc = 25%, w cd = 200%, and w f = w ef = w de = 100%. The amplification w cd of the midfrequency band accentuates valleys.
CURVATURE FOR EDGE PRESERVATION
Filtering high-frequency bands removes small details, but also overly smoothes characteristic sharp-edged break lines, such as ridge and valley lines. Curvature indices can be used for dealing with this problem. The basic idea is to automatically identify topographic break lines and apply different weight coefficients to their neighbourhood. This is in line with Weibel (1992) , who notes that the basic model of low-pass filtering can be improved further by including a second operation to preserve discontinuities and thus restrict simplification to the regions between them. The proposed method modifies the traditional reconstruction of Laplacian pyramids. The traditional reconstruction as described in the previous section applies isotropic weight coefficients to the frequency bands, i.e. coefficients do not change with location. This is expressed in Equation 3 , where a frequency band is added to the sum of the lower frequency bands: (Wood, 1996) , and have been applied for the generalization of terrain for relief shading (Leonowicz et al., 2010) . We use the plan curvature index, which measures the rate of change of aspect along a contour line in the horizontal plane; it differentiates between convex and concave forms, and defines sharp and clear lines of ridges and valleys (Wilson and Gallant, 2000) . Equation 3 is extended as follows to take curvature into account when reconstructing the terrain from the Laplacian pyramid:
where w ci = ridgeline weight coefficient for B i curv 0…i = local plan curvature of sum 0…i w i and w ci are anisotropic weight coefficients, while curv 0…i is locally variable. The plan curvature coefficient curv 0…i is computed from the sum of frequency bands with lower frequencies than the current band B i . This approach has the desired effect of accentuating ridgelines: At locations where lower frequencies contain concave or convex shapes, terrain curvature is further accentuated with details of the added band B i (Figure 3) . Plan curvature is calculated with the Evans-Young method, which uses a quadratic trend surface for each cell, fitted to the 3×3 local elevation matrix. For formulas see Pennock et al., 1987; Wood, 1996; Shary et al., 2002 . Two transformations are applied to the Evans-Young coefficient to find curv 0…i in Equation 6. First, coefficients are computed for all terrain cells, then stored in a grid and blurred by convolving with a two-dimensional Gaussian bell curve. Without this blurring, spiky structured would appear along break lines in the reconstructed terrain. The second transformation is an exponentiation applied to the blurred curvature coefficients. An exponent close to 0 results in mountain slopes with many details, while an exponent close to 1 adds high frequency details along break lines. The user can adjust the size of the blurring kernel and the exponent.
The procedure outlined so far concentrates on convex ridgelines and ignores the generalization of concave valley lines. However, a third set of user-defined weight coefficients can be applied along concave lines in a similar way. The value of w ci in Equation 4 is either chosen from the user-defined coefficient set for ridges or from the one for valleys -depending on whether the frequency band B i adds convex or concave details. To determine what type of curvature is added, the local profile curvature index of the frequency band B i is computed (Wilson and Gallant, 2000) . Figure 3 illustrates the effect of a second set of weight coefficients for mountain ridges (i.e. convex curvature), and a third set of coefficients for valleys (i.e. concave curvature). The figure in the middle shows attenuated high and mid-frequency bands. The figure on the right restores details along ridge and valley lines by amplifying the coefficients of the frequency bands attenuated before. 
VIEW DEPENDENT FILTERING FOR 3D MAPS
where w i = the blended weight coefficient w ifore , w iback = foreground and background coefficients w d = weigh factor: 1 in foreground, 0 in background Figure 4 shows the type of generalization effect that can be achieved. On the right side of Figure 4 , details in the highest frequency band are slightly attenuated in the foreground, and ridges in the highest frequency band are moderately accentuated. In the background, the three highest frequency bands are completely removed, except for details along ridges, which are accentuated to preserve the spiky character of this alpine terrain. The amplification of mid-frequency bands accentuates ridges and valleys, but also creates disturbing concave depressions along valley bottoms, especially where steep slopes adjoin flat planes. This problem can be alleviated with a mask for flat areas. One approach is to extract slope indices, and limit the amplification of mid-frequency bands to flat terrain. Other types of masks can be used as well, for example, a cartographically designed mask with lakes and valley bottoms. Whatever type of mask used, a simplistic combination of (a) the terrain reconstructed from a weighted Laplacian pyramid with (b) the original terrain would result in discontinuities in the combined terrain. Visually disturbing stepped structures would appear, because the reconstructed terrain might have been locally shifted in vertical direction due to the values of the coefficients w i . Hence, masked areas must be taken into account when reconstructing the terrain from the Laplacian pyramid:
MASKED FREQUENCY FILTERING
where
The mask is first transformed to a Gaussian pyramid, and w mi is the corresponding level i of this pyramid. The mask weight w mi locally varies between 0 and 1. If w mi is 0, the frequency band B i is added with no filtering applied, and locally the unfiltered original terrain model is reconstructed. If w mi is 1, Equation 6 simplifies to Equation 4. Figure 5 illustrates the masking effect when slope values mask flat areas: artefacts are reduced where the steep slopes adjoin the flat plane.
IMPLEMENTATION AND EVALUATION
The described method for generalizing digital terrain was implemented in Terrain Equalizer, a free and open-source application available at http://www.terraincartography.com/.
Terrain Equalizer was written in Java and runs on all major platforms. For rendering previews of the generalized terrain model, Terrain Equalizer builds on JOGL, a Java wrapper for OpenGL (JOGL, 2009; OpenGL.org, 2008) . Terrain Equalizer's interface features sets of vertical sliders for adjusting the weight coefficients of individual frequency bands, using an equalizer metaphor.
As outlined in section 2, various alternatives exist to Laplacian pyramids for selectively manipulating frequency bands, such as low-pass filters or wavelet transforms. Compared to these alternatives, the method presented here is easy to comprehend and control by the user. Also, the algorithms are relatively simple to implement and fast enough for interactive manipulation of terrains with up to several million cells.
Weibel (1992) notes that frequency-based generalization is somewhat limited. Terrain can only be simplified or emphasized, which is also the case for our approach. Other generalization operators, such as displacement or combination operators, are not addressed by our research. Weibel (1992) also suggested generalization operators imbedded in an interactive graphical environment, since the objective of cartographic terrain generalization is not so much noise removal as it is graphical simplification. Terrain Equalizer offers such a user interface. We applied it for 3D mapping using terrain models of varying resolution and origin. We were able to successfully remove disturbing high-frequency details, while preserving important break lines; and we successfully enhanced important terrain structures by amplifying mid-frequency bands. Filtering parameters could easily be adjusted to the terrain character and to various levels of generalization. Furthermore, it proved to be easy to adjust the level of generalization to the distance from the viewer. However, we encountered problems where steep slopes These problems are at least partially solved by the inclusion of masks -nevertheless, their integration in Terrain Equalizer could be improved and easer to control.
Various experts have tested Terrain Equalizer and provided encouraging feedback. A more detailed quantitative analysis of the method is difficult. As with all research in cartographic generalization, only qualitative impressions can be gained from visual analysis to assess the suitability of a generalization operator. Only the cartographic results can tell whether the generalization operation was successful (Weibel, 1992) .
Parameters are seamlessly interpolated from the background to the foreground throughout a 3D map. The portability of such a terrain with a generalization level varying from foreground to background is obviously limited, as it can only be viewed in a single predefined direction. This limitation could be overcome for interactive terrain visualizations -where the user can freely choose the position and direction of view -by generalizing the terrain in real time. Interactive frame rates could possibly be achieved by porting the Laplacian pyramid to modern GPUs, as proposed by Strengert (2006) for image processing.
Terrain Equalizer and the underlying algorithms were developed for generalizing digital terrain of mountainous areas at large and medium scales, specifically for the representation as 3D maps. Alternative applications of Laplacian pyramids constrained by curvature remain to be explored for terrain generalization and visualization. Particularly, this approach could be used to remove artefacts from SRTM or LIDAR terrains, and it could also be applied to terrain before generating 2D visualizations , such as contour lines or shaded relief.
